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Abstract. Branching of symplectic groups is not multiplicity- free. We describe a 
new approach to resolving these multiplicities that is based on studying the associated 
branching algebra B. The algebra B is a graded algebra whose components encode the 
multiplicities of irreducible representations of Sp2n-2 in irreducible representations 
of Sp2n- Our first theorem states that the map taking an element of Sp2n to its 
principal n x (n + 1 ) submatrix induces an isomorphism of B to a different branching 
algebra B' . The algebra B' encodes multiplicities of irreducible representations of 
GLn-i in certain irreducible representations of GL n +i. Our second theorem is that 
each multiplicity space that arises in the restriction of an irreducible representation of 
Sp2n to Sp2n-2 is canonically an irreducible module for the n-fold product of SL2. In 
particular, this induces a canonical decomposition of the multiplicity spaces into one 
dimensional spaces, thereby resolving the multiplicities. 



Contents 

1. Introduction 2 

2. Preliminaries 3 

2.1. Branching algebras 3 

2.2. Notation 5 

3. Main Results 7 

3.1. An isomorphism of branching algebras 7 

3.2. A resolution of multiplicities |9 

4. Proof of Theorem 11 

4.1. Some results of Zhelobenko 11 

4.2. Preparatory lemmas 12 

4.3. Proof of Theorem O 14 

5. Proof of Proposition 13.61 16 

5.1. The rearrangement function 16 

5.2. Proof of Proposition [32] 17 

5.3. A technical lemma 18 

5.4. Proof of Proposition O 20 

6. Proof of Theorem [33] 21 

6.1. A filtration on the branching semigroup 21 

6.2. Proof of Proposition O 25 

6.3. Proof of Theorem [331 29 



2000 Mathematics Subject Classification. 20G05, 05E10. 
Key words and phrases, symplectic group, branching algebra. 

1 



2 



ODED YACOBI 



7. Proof of Corollary [3J|] 



30 
32 



References 



1. Introduction 



The purpose of this paper is to give a new interpretation of symplectic branching 
which, unlike the branching for the other towers of classical groups, is not multiplicity 
free. In other words, an irreducible representation of Sp2 n does not decompose uniquely 
into irreducible representations of Sp2n-2 (embedded as the subgroup fixing pointwise 
a two-dimensional non-isotropic subspace). We resolve this ambiguity by analyzing the 
algebraic structure of the associated multiplicity spaces. 

Our main object of study is an algebra B associated to the pair (Sp2n-2> Sp2n)- This 
"branching algebra" is a graded algebra whose components are all the multiplicity spaces 
that appear in the restriction of irreducible representations of Sp2 n to Sp2 n -2- By defi- 
nition B is a certain subalgebra of the ring of regular functions, 0(Sp2 n ), on Sp2 n : 



(See Section [22] for notation.) From this realization it follows that B has a natural action 
of SL-2 by right translation. 

Our first result relates B to a different branching algebra associated to the branching 
pair (GL n _i , GL n+ i ). Using (GL n _i , GL n+ i )-duality we define the algebra 



This algebra is a "restricted" branching algebra, as it is isomorphic to a direct sum of 
only certain multiplicity spaces that occur in branching from GL n+ i to GL n _i. Note 
that B' is also a graded Sl_2-algebra. We consider the function \L> : Sp2n — > M n)n+ i which 
maps an element of Sp2 n to its n x (n + 1 ) principal submatrix. The theorem is that the 
induced map on functions : C(M n ^ n+ i ) — > 0{Sp2n) restricts to give an isomorphism 
\l>* : B' — > B of graded SL-2-algebras. 

This theorem allows us to reduce questions about branching from Sp2 n to Sp2 n -2 to 
analogous questions concerning branching from GL n+ i to GL n _i . The latter are easier, as 
they can be "factored" through GL n . We will illustrate this reduction technique several 
times, most notably in order to prove our second theorem. 

To describe our second theorem we introduce a family of subalgebras of B indexed by a 
finite set, L, of so-called order types. We prove that each subalgebra B c is isomorphic to 
the algebra, O(V), of polynomials on a vector space V. This isomorphism is unique up to 
scalars. Moreover, V can be given the structure of an L = 0[Li SL-2-module. Therefore, 
via this isomorphism, we obtain a canonical action of L on B a by algebra automorphisms. 
The action of L is well-defined on the intersections of these subalgebras, allowing us to 
glue the modules together to obtain a representation, O, of L on B. 

The representation [®,B] of L satisfies some remarkable properties. First and fore- 
most, it identifies each multiplicity space as an explicit irreducible L- module. Secondly, 
the restriction of O to the diagonal subgroup of L recovers the natural SL2 action on 



B = 0(U Cn \Sp2n/U Cn _ 1 ). 



B' = 0(U n \ M n , n+1 / U n _T). 
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B. Finally, it is the unique such representation acting by algebra automorphisms on the 
subalgebras B a . 

As a corollary of this theorem we obtain resolution of the multiplicities that occur 
in branching of symplectic groups. Indeed, irreducible L-modules have one dimensional 
weight spaces. Therefore, via O, we obtain a decomposition of the multiplicity spaces 
into one dimensional spaces. This decomposition is canonical, i.e. depends only the 
choice of torus of Sp2n that is fixed throughout. The other known approach to this 
problem uses quantum groups, where these multiplicities are resolved using an infinite 
dimensional Hopf algebra called the twisted Yangian ([Mol99]). 

The basis of B which we obtain from the action of L is unique up to scalar. In |KY10| 
we study properties of this basis, and, in particular, show that it is a standard monomial 
basis, i.e. it satisfies a straightening algorithm. By induction this basis can be used to 
obtain a basis for irreducible representations of Sp2n- The resulting basis is a partial 
analogue of the Gelfand-Zetlin basis ([GZ50]); to be properly called a "Gelfand-Zetlin" 
basis one must also compute the action of Chevalley generators. The only such basis 
known is the Gelfand-Zetlin-Molev basis arising from the Yangian theory mentioned 
above ( |Mol99| ). In a future work we will compare the basis resulting from our work to 
the Gelfand-Zetlin-Molev basis. 

Acknowledgement. The results herein are based on the author's UC San Diego 
PhD thesis (2009). The author is grateful to his advisor, Nolan Wallach, for 
his guidance and insights. The author also thanks Avraham Aizenbud, Sangjib 
Kim, Allen Knutson and Gerald Schwarz for helpful conversations. This work was 
supported in part by the ARCS Foundation. 

2. Preliminaries 

Our main object of study, B, is an example of a branching algebra. In section I2TT1 we 
define branching algebras and their associated branching semigroups. In section [2~2l we 
fix some notation that will be used throughout. 

2.1. Branching algebras. Let G be a connected classical group with identity e € G. 
Fix a maximal torus Tq, Borel subgroup Bq, and unipotent radical Ug C Bq so that 
TgIIg = Be- Let Ug be the unipotent group opposite Uq. When convenient, we work 
in the setting of Lie algebras. We denote the complex Lie algebra of a complex Lie 
group by the corresponding lower-case fraktur letter. 

Fix the choice of positive roots giving Uq: = ®(bG,tG). Let Aq C t* be the corre- 
sponding semigroup of dominant integral weights. Denote by F G the finite-dimensional 
irreducible representation of G of highest weight A € Aq . 

For an afhne algebraic variety X, let 0{X) denote the algebra of regular functions on X. 
The group G has the structure of an affine algebraic variety, and 0(G) is a G x G-module 
under left and right translation. Let TZq = 0(Ug\G) be the left lie-invariant functions 
on G: 

K G = {f e 0(G) : f (ug) = f (g) for all u € U G and g 6 G}. 
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Under the right action of G (see Theorem 4.2.7. , |GW09j ): 

^G= 0((F A g)*) Ug ^F a g = F A . 
AeA G AeA G 

Henceforth identify F G with its image in TZq . Let f G G F G be the unique highest weight 
vector such that f G (e) = 1. We call f G the canonical highest weight vector of F G . 
Now let A, A' € A G . Then f G f G is U-invariant of weight A + A'. Since also f G f G (e) = 1 , 
it follows that f G f G ' = f A+A ', and therefore F A F A ' = F A+A '. 

The Cartan product, 7t A y : F G <g> F G — > F G +A ', is defined by 7t AjA /(v (g> v') = w'. The 
Cartan embedding, j AV : F A+A ' -> F G ® F G , is given by setting j A)A '(f G +A ') = f g ® f G> 
and extending by G-linearity. 

Suppose now that H C G is a connected Lie subgroup, and we have chosen its distin- 
guished subgroups so that Uh C U g , Th C T g , and Uh C Ug- Consider the subalgebra 
of bi-invariants 

B{H,G) = 0{U G \G /U H )cK G . 

In other words, £>(H, G) consists of the functions f G IZq such that f (gu) = f (g) for all 
g € G and u 6 Uh- 

Since Th normalizes Uh there is an action of Th on B{H, G) by right translation. The 
decomposition of B{H, G) into Th weight spaces is: 

S(H,G)= F AA \ 

(H,A)eA H xA G 

The weight space F A// ^ is defined as 

(1) F A/ ^ ={f € (F^) Uh : f(gt) = t^f (g) for all g G G and t G T H }. 

Equivalently, F A/ ^ is the T G x Th weight space of B corresponding to the weight (—A) for 
T G and \x for Th- 

Note that the centralizer Z G (H) acts on F A ^ by right translation. As a Z G (H)-module 
there is a canonical isomorphism 

F A ^ = Hom H (F H ,F A ). 

(The isomorphism maps cf) G Hotuh(F h ,F g ) to cj)(f{^) G F A/ y.) In particular, the dimen- 
sion of F A// ^ counts the branching multiplicity of F H in the restriction to H of F G . For 
this reason B{H, G) is termed the branching algebra for the pair (H, G) (cf. |HTW08| . 
|Zh73j and references therein). 

Lemma 2.1. Let (u, A), (u A') G A H x A G . Then 

tt A)V (F a/ ^F a '^') cF a+a'W_ 

Proof. Since 7t A A ' is a G-module morphism, in particular it is a Un-module morphism. 
Therefore, 7t A)A '((F G ) UH ® (F g ') Uh ) C (F a+a ') Uh . Now note that tt aa / intertwines the T H 
action on (F g ') Uh <g> (F A ')^ H and (F a+a ') u h. Let ((F A ) u » g) {?%) Uh ))[\i + be the u+ u' 
weight space of T H on (F g ) Uh <g> (F g ') Uh ). Then Tt^y maps ((F g ) Uh <g> (F g ') Uh ))(u+ to 
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the weight space F A+A '/^'. Since F A ^ ® F A '/^' C ((F A ) u » <g> (f£) u »)(h + y!) the proof 
is complete. □ 

By the lemma £>(H, G) is a Ah x Ag-graded algebra. Abusing notation a bit, we 
denote the restriction of 7t A v to F A/V ® F V/V ' also by tt a v . This will cause no confusion 
since we will explicitly write 

pA/fi ^ p\'/V' pA+A'/^+fi' 

when referring to this map, which we call the Cartan product of multiplicity spaces. 
In general the Cartan product of multiplicity spaces is not surjective (see section Propo- 
sition [3]6]). This observation will be critical. 

We can associate to the pair (H, G) the following set: 

A b( h,g) = {(H, A) e A H x A G : F A ^ + {0}}. 

Lemma 2.2. The set Ag(H g) ^ s a semigroup under entry-wise addition. 

Proof. Suppose (u, A), (u', A') G A B(H ,G)- Choose / x £ F A/ ^ and / x' £ F A '^'. 
Since £>(H, G) has no zero divisors, xx' ^ 0. By the above lemma this implies that 
pA+A'/V+n-' ^ -_ e ^_|_ i^'^-)-^') g Ag( H G) • The other semigroup axioms are trivial to 
check. □ 

Thus the Ah x Ag-graded algebra £>(H, G) can also be regarded as a Ag( H G)-graded 
algebra, and we call Ag(H g) a branching semigroup. 

2.2. Notation. Henceforth fix an integer n > 1. Let A n be the semigroup of weakly 
decreasing sequences of length n consisting of non-negative integers. For m > 1 , let 

A-m,n = x A n . 

The set of dominant weights for irreducible polynomial representations of GL n = 
GL(n, C) is identified with A n in the usual way (see e.g. Theorem 5.5.22., [GW09]). 
For A G A n , let V A = Fg Ln be the irreducible representation of GL n with highest weight 
A, which we realize in 7^GL n as described in Section 12.11 Let v A G V A be the canonical 
highest weight vector. 

Let T n be the subgroup of diagonal matrices in GL n , U n the subgroup of upper- 
triangular unipotent matrices, and U n be the subgroup of lower-triangular unipotent 
matrices. Suppose 1 < m < u. We embed GL m in GL n as the subgroup: 



In— m 



G GL r 



For (p., A) G A m)U , define the multiplicity space V A// ^ as in JT]) with H = GL m and 
G = GL n . In the case m = n — 1 these spaces are classically known (see e.g. Theorem 
8.1.1, [GW09] ): for (u-,A) G A U _ 1)1X , 

(2) dimV A/ ^ < 1 

(3) V A/V ^ {0} <=> \i interlaces A. 

The interlacing condition, written \i < A, means that A^ > u t > \ + -\ for i = 1 , ...,n — 1 , 
where |x = ... y yi n _- l ) and A = (Ai,...,A n ). 
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Let M mn denote the space ofmxn matrices with complex entries. By (GL n , GL n+ i ) 
duality, the space of polynomials 0(M n) n+i ) decomposes multiplicity free as GL n x GL n +i 
module (see e.g. Theorem 5.6.7., [G T W09] ): 

0(M u , n+1 )= 0V A *®V 1+ . 
AeAu 

Here A + G A n+ i is obtained from A by adding a zero. Notice that V r is an irreducible 
representation of GL n , while V A is an irreducible representation of GL n+ i. 
We will study the algebra of bi-invariants 

B' = 0{U n \ M n , n+ i / U n -i ) = V A+ ^. 

(mA)eAn-l,n 

This algebra is a sort of "restricted" branching algebra as it includes only certain multi- 
plicity spaces that occur in branching from GL n+ i to GL n _i. 

The algebra B' is an A n _i )n -graded algebra; the (u., A) component is V A+/ ^. More- 
over, it is naturally an SL-2-algebra. Indeed, there is an obvious SL2 C GL n+ i that 
commutes with GL n _i, and therefore acts on B' by right translation. This action clearly 
preserves the graded components of £>', i.e. the multiplicity spaces V A ^ are naturally 
SL2-modules. 

By Lemma [221 the algebra B' is also graded by the semigroup 

A B '={(^A)eA n _,, n :V A+ /^{0}}. 

It will be useful for us to have a more concrete realization of this semigroup. Suppose 
u = ((J.J , |x n _ 1 ) G A n _i and A = (Ai, A u +i) G A n+ i . We say \x double interlaces 
A, written \x <C A, if for i = 1 , u — 1 , 

(4) A t > R > A i+2 . 

If (u.,A) G A n _i n , then |j. double interlaces A, also written |x <C A, if u <C A + . 

Suppose (u-, A) G A n _i jT1 . It follows that (x A if, and only if, there exists y G A n 
such that u < y < A + (see Lemma [57T]). Therefore by (j3|), 

(5) A B > ={(u,A) G A n _ 1>n : u< A}. 

Next we consider the symplectic groups. Label a basis for C 2n as e±i , e± n where 
e_i = ein+'\-i- Denote by s n the n x n matrix with one's on the anti-diagonal and zeros 
everywhere else. Set 

" S n 
"Sn 

and consider the skew-symmetric bilinear form D. n (x,y) = x t J n y on C 2n . Define the 
symplectic group relative to this form: Sp2 n = Sp(C , O). In this realization we can take 
as a maximal torus Tc n = Tzn H Sp2 n , a maximal unipotent subgroup Uc n = U2 n H Sp2 n , 
and its opposite Uc n = U2 n Pi Sp2 n 

Embed Sp2 n -2 i n Sp2n as the subgroup fixing the vectors e± n . Notice that 

(6) {g G Sp 2n : ge±i = e±i for i = 1,...,n- 1} 



Jn 
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is a subgroup isomorphic to SL2 = Sp2 commuting with Sp2 n -2- 

The set of dominant weights for Sp2 n is identified with A n (see e.g. Theorem 3.1.20., 
|GW09j ). For A G A n , let W A = F A p ^ be the irreducible representation of Sp 2n with 
highest weight A, which we realize in 1Zs V2n as described in section |2~T1 Let G W A be 
the canonical highest weight vector. 

For A) G A n _i >n we define the multiplicity space W A ^ as in ([!]) with H = Sp2n-2 
and G = Sp2 n - Therefore the dimension of is the multiplicity of the irreducible 

representation of Sp2 n -2 i n the representation W A of Sp2 n - In contrast to the gen- 
eral linear groups, the branching of the symplectic groups is not multiplicity- free, i.e. 
dtmW A ^ > 1 for generic A) € A n _i iTl (see Corollary 13. 3p . 

Our main object of study is the following branching algebra: 

B = £(Sp 2n -2,Sp2n)- 

By Lemma [2~T1 B is graded by A n _i in : 

B = W A/ ^. 

(ivMeA n -i,n 

By Lemma l2~2j we also consider B as graded over the branching semigroup 

A B = A(Sp 2n -2>Sp2n)- 

The branching algebra B is naturally an SL2-module for the copy of SL2 appearing in 
([6]). Indeed, this copy SL2 acts on B by right translation leaving the graded components 
yyV^ invariant. In other words, the multiplicity spaces W x ^ are naturally SL2-modules. 
We refer to this action as the "natural" SL2 action, and denote it simply by x.b for 
x G SL 2 and b G B. 

Finally, we consider the group SL 2 = SL(2,C). Let F k = O k {C 2 ) be the (k + 1) th - 
dimensional irreducible representation of SL2, realized as the polynomials on C 2 of 
homogeneous degree k. The SL2 action is by right translation. For k, k' > let 
7tk,k' : F k ® F k ' — > F k+k ' be the usual multiplication of functions, and define the em- 
bedding of SL 2 -modules, j k;k / : F k+k ' — > F k ® F k ', by setting jk,k'(x k+k ') = x k <8> x\' and 
extending by SL2-linearity. Here x\ is the first coordinate function on C 2 . 

Remark 2.3. We use the symbols tt a A / and j A y to denote the Cartan maps for any 
of the given groups above. It will be clear from context which group we have in 
mind. 

3. Main Results 

In this section we describe in detail the two main theorems of this paper. 

3.1. An isomorphism of branching algebras. Our first theorem describes an isomor- 
phism of the branching algebras B and B'. This usefulness of this theorem will become 
clear, as we use it repeatedly to reduce questions about branching of the symplectic 
groups to analogous questions about branching of the general linear groups. 
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Define the map i[> : Sp2 n — > M n ,n+i > which assigns an element g £ Sp2 n its principal 
n x (n + 1 ) submatrix. Consider the induced map on functions 

(7) i\>* :0(M n , n+1 ) ^0(S P2n ). 

In Lemma [4761 we show that i[>*(£>') C £>, and, moreover, that : 23' — > £> is a map of 
A n _i n -graded, SL 2 algebras. In fact, much more is true: 

Theorem 3.1. The map 4>* : £>' — > £> is an isomorphism of A n _i n - graded, SL 2 - 
aZgefrras. 

We now describe some applications. 

For our first application let (u, A) 6 A n _i u . By the theorem, 

W A/ ^ ^ {0} o V A+/ ^ ^ {0}. 

Combining this with ([5]), we recover a classical result about symplectic branching (see 
e.g. Theorem 8.1.5., [GW09] ): 

W A/ ^ ^ {0} O p < A, 

i.e. Ag = Ag/. 

To describe our second application of this theorem, recall first that the multiplicity 
spaces are each SL 2 -modules. Naturally, one would like to describe the Sl-2-module 

structure of these multiplicity spaces. By Theorem 13.11 W A// ^ = V A+/ ^ as Sl-2-modules, 
so it suffices to answer the analogous question for the general linear groups. But this is 
not too difficult, since branching from GL n+ i to GL n _i factors through GL n . 

Given (p., A) € A n _i n+ i let (xj > pi > • • • > x n > y n ) be the non-increasing re- 
arrangement of (p l5 U- n _i, A], A n+ i). Set 

n(p,A) =xi-yi. 

Proposition 3.2. Suppose (p,A) € A u _i )n +i, and p <C A. Then as SLi-modules 

n 
i=1 

where SL 2 acts by the tensor product representation on the right hand side. 

As a corollary of Theorem 13.11 and Proposition 13.21 we can describe the Sl-2-module 
structure of the multiplicity spaces W A ^. 

Corollary 3.3. Suppose (p, A) 6 Ag. Then as S\.2-modules 

n 

•yyA/H ^ (^)F Ti ^' A+ ', 
i=1 

where SL 2 acts by the tensor product representation on the right hand side. 

The above corollary first appeared explicitly as Theorem 3.3, |WY| . where it was 
proved using the combinatorics of partition functions. It can also be obtained using 
Theorem 5.2, |Mol99| . where it is shown that W A// ^ carries an irreducible action of a 
certain infinite dimensional Hopf algebra called the twisted Yangian. 
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3.2. A resolution of multiplicities. We now describe the second theorem of this paper. 
Define L = 0?=i ^ L 2- F° r (Mi-M € A n _i n consider the irreducible L-module 

n 

AVm- = (^) pTif(j,,A + ) 
i=1 

Corollary [O] states that for all (u, A) € A B , W A /^ = Res!^_ 2 A A/ ^, where SL 2 C L is the 
diagonal subgroup. We therefore ask, is there a canonical action of L on W A// ^ such that 
w a/h s A A/n ag L-modules? 

Remarkably, the answer to this question is yes! We will construct a canonical action of 
LonB that will be uniquely determined by two properties, the first of which is that each 
multiplicity space W A ^ is isomorphic to A A// ^ as an L-module. Moreover, the restriction 
of this action to the diagonally embedded SL2 C L recovers the natural action of SL2 on 
B. 

We warn the reader that L is not the product of SIVs that lives in Sp2 n - Indeed, the 
latter product of SIVs does not act on the multiplicity spaces. The existence of this 
L-action is more subtle, and can only be "seen" by considering all multiplicity spaces 
together, i.e. by considering the branching algebra. 

To describe the action of L on B precisely we investigate the double interlacing con- 
dition that characterizes branching of the symplectic groups. Notice that the inequality 

At > 1^ > A i+2 

does not constrain the relation between u t and A^+i . In other words, we can have either 
l^i > 1 or (i| < At + i , or both. This motivates the following: 

Definition 3.4. An order type a is a word in the alphabet {>, <} of length n — 1 . 

Suppose A) € and a = (o~i • • • cr n -i) is an order type. Then we say (u, A) is of 
order type a if for i = 1 , n — 1 , 

o-i = " > " => m > A i+1 
o-i = " < " => m < A i+1 

For example, consider the double interlacing pair (u, A), where A = (3, 2, 1 ) and (x = (3, 0). 
Since > A2 and u 2 < A3, the pair (u., A) is of order type a = (><). 
Let Z be the set of order types, and for each o € Z set 

Ab(ct) = {(u, A) G Aq : (p,, A) is of order type cr}. 

It's easy to check that Ag(o) is a sub-semigroup of Ag. Therefore 

B a = 

(H,A)eA B (cr) 

is a subalgebra of B. Moreover, B a is SL2-invariant. We now have all the ingredients to 
state our second theorem. 



Theorem 3.5. There is a unique representation (®,£>) o/L satisfying the following 
two properties: 
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(1) for all (|x, A) € Ag, W A// ^ zs an irreducible L-invariant subspace of B isomor- 
phic to A A// ^, and 

(2) for all a £ L, L acts as algebra automorphisms on B a . 
Moreover, ReSg L2 (0) recovers the natural action of SL2 on ,6. 

We will now give an overview of the proof of this theorem. From the statement of 
Theorem 13.51 it's clear that the subalgebras B a are intrinsic to the definition of the rep- 
resentation (®,£>) of L. Therefore it is not surprising that the proof requires a thorough 
understanding of these subalgebras. 

To investigate the subalgebras B a we define the L-module (8 CT , Aa), where 

(8) A a = A A ^. 

(mA)eA B i>) 

The crucial observation is that since we are restricting to a fixed order type there is a 
natural product on A a . The multiplication 

A A/ V g, a a// ^' — > a a+a ' /h+ ^' 

is given by Cartan product of irreducible L-modules, which induces an algebra structure 
on A a (cf. Lemma [6,ip . The algebra A a is a naturally occurring L-algebra. Indeed, 
in Lemma 16.21 we show that A a is isomorphic as a graded L-algebra to the ring of 
polynomials 0{V) on a certain L-module V. 

A priori the algebras B a and A a seem to be quite different. Indeed, the product maps 
A A/ ^(g)A A ' / ^' -> A A+A,/ ^ + ^' in A a are surjective, while the Cartan product of multiplicity 
spaces need not be surjective. For example, consider the case A = A' = (2, 1 , 0), u. = (2, 0), 
and u' = (0,0). By Corollary dimW A/ ^ = dimW A '^' = 2, and dim w A+A,/ ^' = 9. 
Therefore the product map cannot be surjective in this case. 

Notice that in the above example (p., A) and (p.', A') do not satisfy a common order 
type. An important result for us is that if the multiplicity spaces do satisfy a common 
order type, then their product is surjective. This will be our most crucial application of 
Theorem [331 

Proposition 3.6. Let uel and let (u, A), (u.',A') £ Ag(cr). Then the map 

w A/ ^ ® w A,/V ' w A+A//V+ ^' 

is surjective. 

By Proposition 13.31 £> ff and A a are isomorphic as SL2 modules. The above proposition 
shows, moreover, that their products behave similarly. In fact, we have the following 
theorem: 

Proposition 3.7. Let uel. Then, 

(1) There is an isomorphism of graded SL2- algebras, ty a : B a — > A a , which is 
unique up to scalars. 

(2) By part (1) we can transfer the action of L on A a to B a , and the resulting 
representation, [O ay B a ), of L is canonical, i.e. independent of the choice of 
scalars. 
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We now have a family of L-algebras {(® CT , B a )} a ^z. By showing that the action of L is 
well-defined on the intersection of these subalgebras, we obtain the representation (<D, B) 
of L and prove Theorem 13,51 

We conclude this section by describing how to use our results to resolve the multiplic- 
ities that occur in branching of symplectic groups. Recall that generically the branching 
of the symplectic groups is not multiplicity free. It's a fundamental problem in classical 
invariant theory to resolve these multiplicities. Theorem 13.51 provides a solution to this 
problem that is rooted in classical invariant theoretic techniques. Another solution to 
this problem using the theory of quantum groups, in particular Yangians, appears in 
|Mol99j . 

Now, it is well known that irreducible L-modules have one dimensional weight spaces. 
Therefore, by Theorem l3.5l we obtain a canonical decomposition of the multiplicity spaces 
W A/ ^ into one-dimensional spaces. A priori, it seems that this decomposition depends 
on a choice of torus of L. We will show that in fact this choice is induced by the torus of 
Sp2n that is fixed throughout. More precisely, we have: 

Corollary 3.8. Let (fx, A) € A There is a canonical decomposition o/W A// ^ into one 
dimensional spaces 

W x/lL = (J) W A/Y/V . 

H<Y<A+ 

In particular, B has a basis which is unique up to scalar. 

Properties of the basis of B appearing in Corollary |3.8l are studied in [KY]; in particular 
we show that it is a standard monomial basis, i.e. it satisfies a straightening law. We 
then use that to describe an explicit toric deformation of Spec(£>). 

4. Proof of Theorem 13.11 

4.1. Some results of Zhelobenko. Let G be a connected classical group. We use 
freely the notation from Section 12.11 Let A € Ag . Then F G C TZq embeds linearly in 
O(Uq) via res : ft->f|u G . Set Za(Ug) = resu G CFg). If there is no cause for confusion, we 
write simply Z A = Z A (U G ). 

We define a representation of G on Za as follows. Let e A : Tg — > C be the character 
of Tg given by t i— > t A . We extend this character to UgTgUg by defining e A (utu) = t A . 
Then by continuity e A is defined on all of G. Now let u 6 Ug, g € u -1 UgTgUg, and 
f € Za- Write ug = UitiU-i G UgTgUg- Then define 

(9) g.f(u) =e A (t 1 )f(u 1 ). 

Since u -1 UgTgUg is dense, we extend this action to all of G. Note that the constant 
function za : u i— > 1 is a canonical highest weight vector in Za of weight A, and res : F G — > 
Za is an isomorphism of G-modules. 

Let {ai, a n } be a set of simple roots relative to the positive roots + . For each (X\ 
choose a nonzero root vector X^ E Let be the differential operator on 0(\1q) 

corresponding to the infinitesimal action of Xi acting on O(Ug) by left translation. 
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Finally, let {©i,..., © n } be the fundamental weights and suppose A = mi©i + ••• + 
m n a> n G Aq. 

Proposition 4.1 (Theorem 1, §65, Chapter X, [Zh73] ). The space Z A C 0{U G ) is the 
solutions to the system of differential equations {D™^ 1 = : i = l,...,n}. In other 
words, 

Z A = {f G 0{U G ) : D^ +1 f = for i = 1 , n}. 

In |Zh73| the system of differential equations {D™ 1 ^ 1 = : i = 1, ...,n} is termed the 
"indicator system". Notice that by the Leibniz rule Z A Z A / = Z A+A /. 

Consider the ring 0{\1g X C n ). Let ti,...,t n be the standard coordinates on C n . 
Then 0{U G x C n ) = meN n 0{U G ) ® t™' ■■■t^. Set m A = (m 1 ,...,m n ) where A = 
mi CDi + • • • + m n Q n . We form the subring 

(10) z G = Z A t m * 

AeA G 

of 0{\1 G x C n ). This is a G-ring, with G acting on the left factor. Define a map 

(11) res : TZ G — > Z G 
by 

f e h> f|u G ® t mA eZ A ® t m \ 

It's easy to see that: 

Proposition 4.2. The map res : 7?-g - > ^ s an isomorphism of G-rings. 

4.2. Preparatory lemmas. We now specialize the results of the previous section to 
our setting. 

For A G A n we consider Zhelobenko's realization of V A , which is denoted Z A +(U n+ i ). 
So Z A +(U n+ i) is an irreducible GL n+ i -module. Let be the standard coordinates on 
U n+1 . 

Zhelobenko's realization of the irreducible Sp2 n -m°dule of highest weight A is denoted 
Z A (Uc,J. For the affine space Uc n , the following can be taken as coordinates: 

1 U-12 ■ ■ ■ U-1 n _l Ui n 

1 U23 ■ ■ ■ U2n-1 

1 u n,n+1 

(The one's are retained here in order to preserve the symmetry of the entries.) The 
other entries of Uc n are polynomials in these coordinates. 

The group U n _i acts on 0(U n+ i) by right translation, and a straight-forward calcu- 
lation shows that f G C(U n+ i ) u ^-i if, and only if, it's a polynomial in the variables 

{xy : i = 1 , n j =u,n+1 and i < )}. 

Similarly, 0(Uc n ) UCn - 1 is the polynomial ring in the variables 

{uy : i = 1 , n j = u, u + 1 and i < j}. 
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Hence both 0(U n+ i) Un - 1 and 0(Uc n ) UCn - 1 are polynomial rings in 2n — 1 variables. 

Let ij) ab : M. mjTl — > M a ,b be the map assigning a matrix its principal a x b sub- 
matrix, and set xp Q = i|) ia . Let ^ z = 4v +1 |u Cn : ^c n ~> ^n+i • The induced map 
on functions \Jj z : C(U n+ i) — > 0(Uc n ) satisfies 4> z (xij) = u ij- By our descriptions of 
the rings 0(U Cn ) Uc -i and 0(U n+1 ) u — , ij,* : 0(U n+1 ) u -' -> C(U c J Uc -i is a ring 
isomorphism. 

Lemma 4.3. Let A G A n . The map iJj z restricts to a linear isomorphism: 

■■ Z A+ (U n+1 ) u -i 4 Z A (U c J Uc -i 

Proof. Let m A = (mi , m n ). In the proof of Theorem 4, §114 in [Zh73| . Zhelobenko 
shows that Z A (Uc n ) UCn -' equals 

fGO(U c J Uc -' : (Ui+i, n - +u i+ i, n+ i- )^ +1 (f) =0fori = 1,...,n 

3ui )n 9u iiT1+ i 

while Z A +(U n+ i) Un -' equals 

(f € 0(U n+1 ) u -' : (x i+1 , n -^- + x i+1)U+1 — ^— ) mi+1 (f) = for i = 1 , n) . 

With these descriptions in hand, and the fact that i[> z (xy) = Uh, it follows that 

iJ;HZ A+ (U n+ i) u -M = Z A (U c J Uc n-- . 

□ 

Now, Tc n _, acts on Z A (Uc n ) Ucn -' , while T n _i acts on Z A + (U n+ i ) Un -' . In the next 
lemma, these tori are both identified with (C x ) n_1 . 

Lemma 4.4. Let A G A n . Then t\>* z : Z A+ (U n+1 ) u — 1 -> Z A (U Cn ) Uc n-i is a (C x ) n " 1 - 
isomorphism. 

Proof. By Lemma 1431 it remains to show only that i[> z intertwines the (C x ) n_1 -action. 
Let f G Z A +(U n+ i) u "- 1 , t G (C x ) n -\ and u G U Cn . By definition of the action of the 
tori (cf. {ID), 

^(t.f)(u) = e A (t)f(t-^ z (u)t), 

while 

M; z (f)(u) =e A (t)f(iMt- 1 ut)). 
It's easy to check now that i[> z (t.f)(u) = t.i[> z (f)(u). □ 

For u G A n _i let Z A ^(Uc n ) (resp. Z A + / /^(U n+ i )) denote the u weight spaces of 
Z A (U c J Uc — i (resp. Z A+ (U n+ i ) u — 1 ). Lemma El implies that 

iL> z :Z A+/(i (U n+1 ) Az AAi (U c J 

is a linear isomorphism. These spaces are isomorphic to the multiplicity spaces V A+ /^ 
and W A ^ H . Recall that SL2 acts on these multiplicity spaces. 
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Lemma 4.5. Let A G A n and u G A n _i . Then 

il^z A+Al ai n+1 )^z AAl (u Cn ) 

is an SV-i-isomorphism. 

Proof. As mentioned above, the map t\>* z : Z A + ; (U u+ i ) — > Z A/ /^(Uc n ) is a linear isomor- 
phism, so we just need to show it intertwines the SL2 action. Now, the action of of SL2 on 
the multiplicity spaces is defined via its embeddings in GL n+ i and Sp2 n as explained in 
Section [2T2l For the sake of clarity, let us denote these embeddings by a : SL2 GL n+ i 
and |3 : SL2 Sp2n- Note that for x G SL2, we have 4> n +i (|3(x)) = a(x). 
Let f G Z A +(U n+ i) Un - 1 , x G SL2, and u G Uc n . We want to show that 

(13) <+i(«(x).f)(u) = (P(x).(C +1 (f)))(u). 

By definition of the action of Sp2n on Z A (Uc n ) (see ([9])), we have 

(P(x).(C +1 (f)))(u) = e*(t 1 )f(i|> n+1 (u 1 )), 

where 

u|3(x) = u 1 t 1 u l G U Cn T Cn U Cn . 

To describe the left hand side of (fT3l) . we need to first decompose i|) n+ i (u)a(x) into a 
product compatible with U n+ iT n+ iU n+ i . To wit, 

^n+i M <x(x) = ip n+ i (u)ip n+1 ( (3 (x) ) 

= fa )4>n+1 (tl )^n+1 ( u 1 ) • 

Therefore 

< +1 (a(x).f )(u) = e A+ M> n+1 fa ))f (ip n+1 (u, )). 
Since clearly, e A (ti ) = e A+ (4> n+1 fa )), {TH} holds. □ 

4.3. Proof of Theorem [37T1 Recall the homomorphism ip* : 0(M n)n+1 ) -> C(Sp 2n ) 
(see ([7])), which is induced from the map ip taking an element of Sp2 n to its principal 
n x (n + 1 ) submatrix. 

Lemma 4.6. We have i[>*(£>') C B. Moreover, i[>* : B' — > B is an A n _i ^-graded map 
of SL2 algebras. 

Proof. Let f G £>',u G Uc n , g G Sp2 n) and u G Uc n _, • We must show that f(ip(ugu)) = 
fW>(g))- Indeed, a straight-forward computation using block matrices shows that 

ip(ugu) =-iMu)iMg)xp n+1 (u). 
Since clearly 4> n (u) G U n and \Jj rL+1 (u) G U n _i , the first statement follows. 
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Now suppose f € V A ,yL . Let t € T Cn , s 6 T Cn _, , and g € Sp2n- Then 

(t,s).il)*(f)(g) = iWfHt-V) 
= f(^(t- 1 gs)) 

= f(ip u (t- 1 MgMn-iOO) 

= i|; n (t)- A iJ; n -i(s)^f^(g)) 

= t-V.i|>*(f)(g). 

Therefore ip*(f) € W A/l \ and hence 4>* is graded. 

Finally, we must show i|>* intertwines the SL-2-action. Indeed, let f € £>', x £ SL2, 
and g G Spm- Then another computation with block matrices shows that f(i|>(g)x) = 
f(i[)(gx)). (Here one has to be careful to use the correct embeddings of SL2 in GL n+ i 
and Sp2n that define the corresponding actions.) Therefore, x.i[>*(f) =i];*(x.f). □ 

By the above lemma,i[>* : B' — > B is a morphism of A n _i n -graded algebras. To 
complete the proof of Theoreme 13.11 we must it is an isomorphism. 

Let U n>n+ i = xp n n+1 (U n+ i ). We identify the affine spaces U n+ i and U n>n+ i in the 
obvious way. For A £ A n , consider the embedding Z A +(U n+ i) C?(U n)n+ i). Denote 
the image of this embedding by Z A +(U n>n+ i). (Similarly, denote by Z A +^(U n)Tl+ i ) the 
image of Z A +/ H (U n+ i) under the embedding.) By transfer of structure, Z A +(U n>n+ i) is 
an irreducible GL n+ i -module of highest weight A + , i.e. we decree that 

4>n,n+1 : Z A+ (Un,n+1 ) -> Z A + (U n+1 ) 

is an isomorphism of GL n+ i -modules. Of course, the inverse of this isomorphism is the 
map induced by the embedding <£> : U n)Tt+ i — > U n+ i . Combining this isomorphism with 
Lemma 1431 we obtain that 

(14) < n+1 : Z A+/ ^U n , n+1 ) -> Z A/R (U C J 

is an isomorphism of SL2-modules. 
Consider now 

B' z = Z A+/fi (U njU+1 )®t-A + 

(H,A)eA n -l,n 

and 

B z = Z A/[i (U c J®t™\ 

(mA)eAn_i,n 

These are subalgebras of Zqi u+] and -Hsp 2n > respectively (see (fTO]) ). 

We define a map B' z — > Bz which on graded components is simply given by 

^ n+1 ® 1 : Z A+/ ^(U n , n+1 ) ® t m A+ -> Z A/fi (U c J ® t m \ 

Let us denote the total map by n+1 ® 1 : ,8^ — } &z also. 

By (|14p 4>^n+l ® 1 : B z ^> Bz is a. isomorphism of SL2-modules. But clearly the 
map is a morphism of graded algebras, so in fact it is an isomorphism of A n _i n -graded 
SL2-algebras. Now, by Proposition 14. 2[ the restriction of res : 7?-GL n+1 — > ^GL n+ , to B' 
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gives an isomorphism res : B' — > B' z of A n _i )Tl -graded SL2-algebras. Similarly, we have 
the isomorphism res : B — > Bz of A n _i n -graded SL2-algebras. 
We now have a diagram: 

B' — ) B 

1 I 
B' z — > B z 

where the vertical arrows are given by res, the bottom arrow is 4>^ n+ i <8> 1, and the top 
arrow is 4>*. Clearly, this diagram commutes. Indeed, this follows from the simple fact 
that for f G 0[M n>n+] ), 

(f °^)IUc n = f lu n ,u + , °^n,n+1 

as elements of C(Uc n )- Moreover, by the previous paragraph the bottom three maps 
are isomorphisms of A n _i n -graded SL2-algebras by. We conclude that : B' — > B is an 
isomorphism of A n _i )n -graded SL-2-algebras, thus completing the proof of Theorem 13. 11 

5. Proof of Proposition 13.61 

In this section we prove various structural results about the multiplicity spaces V A /„ 
where (u., A) G A n _i )n+ i . Notice that these are multiplicity spaces that occur in branching 
from GL n+ i to GL n _i. By virtue of Theorem 13.11 these results have analogous in the 
setting of branching of symplectic groups, and it is for this reason that these results are 
important for us. 

We will work in slightly greater generality than strictly necessary, and consider the 
semigroup 

o = {(M)eA n _,, u+] :V A/(1 ^{0}} 
= {(u,A) G A n _ 1>n+1 : (x< A}. 
The second equality follows from ([3]). 

5.1. The rearrangement function. We begin by introducing the rearrangement 
function on O. Define f : O — > A2 n by: 

(u,A) A (x 1 ,u 1 ,...,x n ,y n ) 

where {xi > rji > • • • > x n > y n } is the non-increasing rearrangement of (u^, (x n _ 1 , Ai , A 
Notice that f(u, A) equals 

(At > max(u 1 ,A 2 ) > min((x 1 ,A 2 ) > ••• > max(n n _ 1 ,A n ) > min(u n _ 1 ,A n ) > A n+ i). 

This easily implies: 

Lemma 5.1. Let ((J.,A) G D.. Suppose f((J.,A) = (xi,Ui, ...,x n ,y n ) and y G A n . Then 
M- < Y < A if, and only if, y { < y i < x t for i = 1, ...,n, where y = [y u ...,y n ). 

For ct G Z let Q(o") be the sub-semigroup of D. consisting of the pairs of order type a. 
Let fo- denote the restriction of f to O(ct). 

Lemma 5.2. Let a G L. Then f a : O(cr) — > A2 n is a semigroup isomorphism. 
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Proof. For (|x, A) G O(cr) let f ff (|x, A) = (f ff (|x, A)i , f a (|x, A)2 n )- Define functions 

a:{1,...,n-1}->{1,...,2n} 
b:{1,...,n + 1}->{1,...,2n} 

by b(1 ) = 1 and b(n + 1 ) = 2n, and for i = 1 , ...,n — 1 

is > ) ==> a(i) = 2i and b(i+ 1) = 2i + 1 
( ai is < ) ==> a(i) = 2i+ 1 and b(i+ 1) = 2i. 

Then for all (u,A) G Q(ct) 

Mi = f ff (n,A)a(i) for i = l,...,u-1 
Aj = f a (|x,A) b(j) for j = 1,...,n + 1. 

This implies that f a is an injective semigroup homomorphism. 

Now suppose (zi, ...,Z2 n ) £ ^2n is given. Define |x and A by the formulas 

Mi = z Q(i) for i= 1,...,n-l 
A j = z b(j) for j = 1,...,n + 1. 

Since a(1) < a(2) < ••• < a(n — 1), it follows that [X G A u _|. Similarly, A G A+ +1 . 
Since b(i) < a(i) < b(i + 2), we get that |x <C A. Finally, suppose o\ is >. Then 
a(i) < b(i+ 1), and so ^ > \+-\- Similarly, if o\ is < then < At+i- Therefore 
((j., A) G O(ct). Since f,j((a., A) = (zi,...,Z2 n ) we conclude that f a is surjective. □ 

Lemma 5.3. Let a G X and Zet (p., A), ((a.', A') G Q(c). Suppose that y G A n satisfies 

m+m'<t<a + a / . 

TTien t/iere exist "V,V G A n st/c/i t/iat y = y + v', |x < y < A, and |x' < V < A'. 

Proo/. Set f a (|x,A) = (xi,yi, ...,x n ,y n ) and f (7 (M- / ,A / ) = (x^y^ ...,x^,y{J. By Lemma 
IO 

f a (|x+ |x',A + A') = (xi +x' 1 ,yi + y\, ...,x n + x' n ,y n + y' n ). 

Therefore by Lemma [BTTl yi+y( < y^ < Xj.+x(. Now choose Vj., v- such that y i = ~Vi+v{, 
Vi < v\ < Xi, and y[ < v- < x{. Set v = h,..,7 n ) and v' = {y\, ...,y' n ). Clearly 
v, V G A n and y = y + V. Moreover, by Lemma [BTTl |x < "V < A, and \i! < V < A'. □ 

5.2. Proof of Proposition [3T2l For (|x, A) G O recall that th(|x, A) = Xi — yi, where 
f(|x,A) = (xi,tji, ...,x n ,y n ). Let (|x,A) G A u _| )Tl+ i. Then as a GL] x GLi-module, 

TSAn 
H-<Y<A 

Now, d(q) = ( J ^-1 j acts 011 yY/ ^ ® vA/y b y the scalar q 2|YHAhW . Moreover, by 
© and ©, dim V Y/ ^ <g> V a/t = 1 for y such that (x < y < A. Therefore the character 
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equals 

ch(V A/ ^ = Y_ q 2|Yh|AhlH . 



YSAn 
H<y<X 



Set f(u-,A) = (x 1 ,-y 1 ,...,x u ,-y n ) and r t =n(^,A). By LemmaEX] 

J~ q2M-|A|-|n| = ^~ q2(y,+-+y n +j 1 +---+j n )-(x 1 +---+x n +y,+---+y n ) 



Y6An 0<j t <r t 
H<y<A 



^~ q(-T ] +2j,)+-+(-r 7V +2j TV ) 

o<ji<n 

n Ti 
i=1 j=0 



1=1 

Therefore ch(V A/V ) = ch ((g)^ F i( ^> A) ). This proves Proposition [3? 

5.3. A technical lemma. Suppose (y, A) € A njn +i. We may view V A as a GL n -module 
by restriction, and, as such, define V A [y] to be the y-isotypic component of V A . Let 
p A : V A — > V A [y] be the corresponding projection. 

Before stating and proving the lemma we first make a simple observation. Suppose 
is a semigroup and V,W are O-graded vector spaces: 

v = 0v if w = 0w i . 

iee iee 

Suppose there are linear maps 7ty : Vi <8> Vj — > V+j and Ty : Wj ® Wj — > Wt + j for every 
i, j € 0. We refer to these maps as "products" on the vector spaces. Finally, suppose 
also there is an 0-graded isomorphism T : V — > W that preserves the products on V and 
W in the following sense: for all i, j € © the following diagram commutes: 



Vi ® Vj ^4 


v i+j 


IT 






W +j 



Then if x € Vj. and y 6 Vj and Ty(T(x) <S>T(y)) ^ 0, then 7ty(x ®y) ^ 0. 

For the purposes of the following lemma we will use the branching semigroup 

O = {(y, A) e A n , n+1 : y < A}. 

We introduce three 0-graded vector spaces, each of which is equipped with product 
maps. 

The first space is Vi = V A [y]. The product is defined as follows: for x € V A [y] 

( y ,A)ee 

and x' € V A '[y'], define 

^'=P^VK,A'(X»X')). 
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The second space is Vi = (J) V 7 ® HomGi n (V Y , V A ). The product is defined as 

(y,A)ee 

follows: for v ® f G V Y ® Hora G L n (V Y , V A ) and v'«f e V y ' (8) Hom GU (V Y \ V A '), define 

(v® f)(v' ® f') = 7ty ) y(v®V / ) ® (7t A)A / o (f ® f') O j y) y). 

The third space is V3 = V y ® (V A ) Un (y). The product is defined as follows: for 

(y,A)ee 

v®w e V y ® (V A ) Un (y) and V ®W G V 7 ' ® (V A ') Un (y'), define 

(V®W)(V / ®W / ) = 7T Y)T /(V ® v') ® 7t A)A /(w ® w'). 

Finally, we can state and prove the lemma. We note that it can also be obtained as 
a consequence of Theorem 1 in |Vin95j . We include an elementary proof for the sake of 
completeness. 

Lemma 5.4. Let (v, A), (v',A') G A n)n+ i . Suppose that 0^x6 V A [v] and ^ x' G 
V A ' [V] . Then p A + A ', (tt A)V (x ® x')) ± 0. 

Proof. Define T : V2 — > Vi by T(v®f) = f(v). This is clearly a linear isomorphism. Let 
v ® f,v' ® f be chosen as in the definition of Vi- Then 

T((v®f)(v'®f')) = (7t A)A / o (f ®f') oj w ,)(7I T) y(v®V / )) 

while 

T(v ® f)T(v' ® f ) = p A + A ', (7t A)A ,(f(v) ® f(v'))). 

Let z = v®v'. Since z G V Y ®V Y ' we can write z = Z0 + Z1 , where zo G (V 7 ® W'Hy +y'] 
and zi G ^ T ^ Y+ y (V 7 ® V y ' ) [t] . By the definition of 7tyy and j Y) y , the composition 
]y y i o 7tyy is the projection of V Y ® V Y ' onto its isotypic component (V Y ® V Y ')[y + y']. 
Therefore, 

(7t A)A / O (f ®f') 0j T) y)(7C y ,y'(z)) = (7T AA , O (f ®f'))(z ). 

On the other hand, 

Therefore T preserves the products on Vi and Vi- 

Next define S : Vi — > V3 by S[v ® f) = v ® f (v Y ) (recall that v Y is the canonical highest 
weight vector in V y ). This is clearly a linear isomorphism. We show S preserves the 
product maps. Let v ® f,v' ® f be chosen as in the definition of Vz- Then 

S((v®f)(v'®f')) = S(7t yj y(v®V / )® (7t AjA /o(f ®f')oj Y) y)) 
= 7T Y)Y /(v®v') ® 7t A)A /(f(v Y ) ®f(Vy)) 

= S(v®f)S(v'®f'). 

Therefore S preserves the products on V2 and V3. 

Now S o T _1 is a graded isomorphism of Vi and V3 that respects products. Consider 
0^x6 V a [y]. Under the isomorphism S o T _1 , x is mapped to a simple tensor v ® w. 
Indeed, by © dim(V A ) Un (v) = 1 , and x is mapped to the summand V v ® (V ) n (v). 
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Similarly, / x' 6 V A '[V] is mapped to a simple tensor V (g> W . By the definition of 
multiplication in V3, we have that {v (g>w)[V <8>W) = 7t v y (v®v') (E> n xx /[w (&w'). Now, 
7t v v /(v <g> v') (resp. 7t AA /(w ® w')) is simply the product of v and v' (resp. w and w') in 
T^GLn (resp. 7^GL n+ ,)- Since TZci n (resp. 7£Gi_ n+1 ) has no zero divisors, it follows that 
(v (g) w)(v' <g> w') 7^ 0. By the observation above we conclude that xx' 7^ in Vi, i.e. 

P^(7t AjV (x®x'))^0. □ 

5.4. Proof of Proposition 13.61 Let (t* )k be the real form of t* spanned by {e^ : i = 
1,...,n}, where is the functional mapping a diagonal matrix to its i tH entry. Let 
(•,•) be the inner product on (i£jR defined by [Ci, £j) = 5ij , and let ||y|| = (y,y) define 
the associated norm. Denote by ^ the positive root ordering on t£, defined relative 
to the set of positive roots: {&t — £j : i < j}. In other words, a ^ (3 means (3 — a 
is a nonnegative integer combination of positive roots. Recall that for v, V,y G A n , 
Hom GLn (V, V v ® V v ) ^ {0} implies y ^ v + V. 

By Theorem 13,1 [ Proposition 13.61 is an immediate corollary of the following result: 

Proposition 5.5. Let c G L and let (u, A), ((J.', A') G O(cr). TTien #ie map 

yA/n ^ yA'V ^ yA+A'/n+^' 

is surjective. 

Proof. To ease notation let X = V A/ ^, X' = V A '^', Y = V A+A '/^', and n = tt aa ,. For 
y G A n set Y[y] = p A+A '(Y), X[y] = p A (X), and X'[y] = p A '(X'). 

Note that Y = © yeAn Y[y], and dim Y[y] is zero or one. Moreover, Y[y] 7^ {0} if, and 
only if, u + \x! < y < A + A'. We will prove by induction on ||y|| that Y[y] is in the image 
of 7t. 

Let y G A n be of minimal norm such that Y[y] 7^ {0}. Our base case is to show that 
Y[y] is in the image of n. Since (|i, A), [\if, A') G £2(o") we can apply Lemma [5731 to obtain 
y,V G A n such that y = v + V, \± < v < A, and u' < V < A'. Choose 0/x£ X[v] and 
^ %' G X'[V], and let z = x <g> x'. 

Now, 7t(z) = X.tga u Pt +A i n l z )) i s a decomposition of 7r(z) in Y = © yGAn Y[y]. Since 
p A+A '(7t(z)) = for t y y, 7t(z) = H T ^ Y p^ +A '(7t(z)). Now t -< y implies ||t|| < ||y||, 
and by hypothesis y is of minimal norm such that Y[y] ^ {0}. Therefore p A+A '(7t(z)) = 
for T -< y, and hence 7t(z) = p A+A '(7r(z)) G Y[y]. By definition, n{z) is the product of 
x and x' in 7£GL n+1 • Therefore, since 7?-GL n+1 has no zero divisors, 7r(z) 7^ 0. Since 
dim Y[y] = 1 , we conclude that Y[y] is in the image of n. This completes the base case. 

Now fix y G A n such that Y[y] 7^ {0}, and suppose Y[t] is in the image of n for all 
t such that ||t|| < ||y||. Using Lemma [5.31 again, we choose v,V G A n _i such that 
y = y + v', u < y < A, and \i' < V < A'. Also choose 7^ y G Y[y], 0/x£ X[v], and 
O^x'gXV]- By LemmalHa p a+a '(tt(x®x')) 7^ 0. Therefore 

7t(x®x') G C x y + ^Y[t]. 
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Since x -< y implies ||t|| < ||y||, by the inductive hypothesis we obtain an element 
£, G X (g) X' such that 7t(£,) = y. Since dim Y[y] = 1 , this shows that Y[y] is in the image 
of 7t. This completes the induction. □ 

6. Proof of Theorem 13.51 

In this section it will be convenient for us to introduce the following convention. 
Elements of the branching semigroup Ag will be thought of as "skew shapes", and so 
instead of writing (p., A) G Ag, we will write G Ag. In this way, for p = A/|i G Ag 
we associate the spaces W 3 , A v , etc... 

6.1. A filtration on the branching semigroup. Let h : Ag — > A2 n be given by 
h(A/(j.) = f((j., A + ), where f[\x, A + ) is the rearrangement function defined in Section [5TT1 
The image of h is thus all sequences in Am ending in zero. As before, we define the 
functions : Ag — > Z by r^(p) = X{ — yi, where h(p) = (xi,iji, ...,x n ,y n ). Moreover, for 
cr G L, let h a denote the restriction of h to Ag(a). 
The same argument as in Lemma [5721 shows: 

Lemma 6.1. Let a G L. Then h a : Ag(o) — > A2 n is a semigroup embedding, with 
image the sequences in A2 n ending in zero. In particular, h^ 1 is defined on the set 
of such sequences. 

In this section we will only deal with sequences ending in zero, so h^ 1 will always be 
well-defined. By the above lemma we endow the L-module 

A*= AT 

pgA B (cr) 

with a product given by Cartan product of irreducible L-modules: A v <g> A v ' — ) A v+V . 

We now show that A a is a very naturally occurring L-algebra. Consider the L-module 
V = U x W, where U = C 2 x • • • x C 2 (n copies) and W = C x • • • x C (n - 1 copies). 
Here, L acts on U diagonally, on W trivially, and on the ring of functions 0{V) by right 
translation. Let ti,...,t n _i be the standard coordinate functions on C n_1 . Decompose 
O(V) into graded components: 

(15) o(v)= F ri ®---®F r -g)t^ 

Tj>0 s k >0 
j=l,...,n k=l,...,n-1 

This is also a decomposition of 0{V) into irreducible L-modules. 

For o" G L, we can consider 0{V) as an Ag(o")-graded algebra as follows. Set S{ : 
Ab(ct) — > Z by Si(p) = xjt — x^ + i , where, as usual, h(p) = (xi ,yi , x n ,y n ). Then define 
the p-component of 0{V) by: 

Clearly, we have 

o(V)= o(vf. 

peAe(o-) 

One easily proves the following lemma. 
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Lemma 6.2. Let cr G L and regard 0(V) as an A^[a)-graded L-algebra. Then A a and 
O(V) are isomorphic as Ag[(s)-graded L-algebras, and the isomorphism is unique 
up to scalars. 

The main step in proving Theorem 13,51 is showing that A a and B a are isomorphic 
as SI-2-algebras, and the isomorphism is unique up to scalars. We will prove this by 
induction on a certain filtration of Ag(o"), which we now describe. 

For p G let p max = A 1 where p = A/u and A = (Ai, ...,A n ). For every tr £ I we 
define the set 

A b (ct, m) = {p G Ag (a) : p max < m}. 
Clearly Ag ( cr, m) is finite, Aq { a, m — 1 ) C Ag ( o, m) , and U m >o As ( °\ m ) = Ab (a) . 

Lemma 6.3. Let m > 1, a G I, and suppose p € Ag(a, m) satisfies p max = m. 

(1) There exist p',p" € Ag(cr, ra — 1 ) sucft. that p = p' + p". 

(2) Suppose moreover that t£ I and p G Ag(t, m). Tnen i/iere exist p',p" € 
Ag(o, m — 1 ) n Ag(T, m — 1 ) suc/i i/iai p = p' + p". 

Proof. Let h, ff (p) = (zi , Z2 n )- Define 



and z" = Zi - z[. It's trivial to check that = (z^ , z 2n ), = (z", z 2n ) G A 2n . Let 
p' = f- 1 (£/) and p" = f- 1 (£,")■ This is well-defined by Lemma O Lemma O also 
shows that p = p' + p". Since m > 1, p',p" G Ag(o",rri — 1). This proves (1). 

Let p',p" G Ag(cr, m — 1) be constructed as in the previous paragraph. We must 
show that p',p" G Ag(cr) n Ag(r). If a = (cT| • • • cr n _i ) and t = (fi • • ■ T n _i ), then every 
i such that o\ ^ forces the equality ^ = Aj + i among the entries of p. Therefore, if 
h-o-(p) = (z-|, ...,Z2n) and o"i ^ t^, then Z2i+i = Z2i + 2- Now note that in the definition of 
if Z2i+i = Z2i+2 then z 21+1 = z 2i+2 and z 2i+1 = z 2i+2 . Hence the entries of £/,£," 
satisfy the same equalities that Tx a (p) satisfies, which implies that p',p" G Ag(o")nAg(T). 
This proves (2). □ 

Lemma 6.4. Let m > 1 , ff€l, and suppose p G Ag(o", m) satisfies p max = m. T/ien 
there exist q-\ q n G Ag(a, m — 1 ) such that 

(1) p = qi + ... + q n 

(2) A qt is an irreducible S\-2~module. 

(3) Either A q ' ® ■ ■ ■ (g> A qn = A? as SL2-modtiZes, or A p is irreducible as an SL2- 
module, and the multiplication map A qi <g> • • • <g> A qn — > A p is a projection 
onto the Cartan component A v of A qi ® • • • <g> A qn . 

Proof. Let H<j(p) = (xi,yi,...,x n ,-y n ). Define 



for i = 1 , n — 1 , and set f, n = (x n , x n , 0). The argument breaks into cases. 




1 if z { > 1 

if Zi = 



h = (x i -x i+1 ,...,x i -x i+1 ,-y i -x i+1 ,0, ...,0) 

V V ' 

2i-1 
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Case 1: Suppose h a 1 (£,t) Ag(o", m — 1 ) for some i < n. Then — x^ + i = m and 
therefore 

Mp) = (m, ...,m,b,0, ...,0) 

for some b < m in the (2i) th entry. Therefore A v is irreducible as an SL-2-module. 

Now choose as in the proof of Lemma 1631 and consider the associated p',p". 

By the lemma p',p" £ Ag(o", m — 1). Moreover, by our construction of from 

A V ',A V " are irreducible SL 2 -modules. Therefore the map A v ' ® A v " -> A v is a 
projection onto the Cartan component of A p ' ® A p ", and the lemma is satisfied with 
qi = p', q2 = p", and q^ = for i > 2. 

Case 2: Suppose that h^ 1 (£,0 € Ag(o", m — 1 ) for i = 1 , n. Then set q^ = h,^ 1 (£,0. 
Since L, = £,i + • • • + £, n , by Lemma [5T2l p = qi + • • • + q n . By the definition of L,i we 
also have that 

A* = F°(g)---OP^®---0F . 
Therefore A qi is an irreducible SL 2 -module, and A qi ® • • • ® A qn = A p . □ 



Remark 6.5. 7n #ie proof of Lemma \6.4\ all we used was the Sl-i-module structure 
of A v . Therefore, by Corollary 13.31 the statement holds with A v replaced by W 3 
and A qi replaced by W qi . 

Lemma 6.6. Let m > 1, cr € L, and suppose p € Ag(o", m) satisfies p max = m. Lei 
qi,..., q n € As(cr, m— 1) be given as in Lemma \ 6.4\ Suppose also we are given 
SLi-isomorphisms 4^ : W qi — > A qi /or i= 1, ...,n. Let 

K = ker(W q ' ®---®W qn A WP) 
J = ker(A q ' ® • • • ® A qn A A p ) 

be the kernels of the multiplication maps coming from the rings B a and A a , which 
we denote here by t and k. Set cf> = 4^ ® • • • ® <|) n . T/ien 4>(K) = J. Consequently, 
there is an S\-2-isomorphism i[> : WP — > A p making the following diagram commute: 

W q ' ® • • • ® W q ^ — > WP 

A q ' (gi • • • ® A qn — > AP 

Proof. Clearly k is surjective. By Proposition 13.61 T is surjective. Therefore we have 
the following diagram: 

— > K — > W q '®---®W q - — > WP — > 

— > J — > A q i ® • • • ® A q " — > AP — > 

According to Lemma [6~4l there are two possibilities. Either A q ' ® • • • ® A qn = A p as 
SL2-modules, or A v is irreducible as a SL2-module, and the multiplication map A qi ® 
...ig) A qn — > AP is a projection onto the Cartan component AP of A qi ® • • • ® A qn . If 
A qi ® • • • ® A qn = AP then J = {0}, and by the above remark W qi ® • • • ® W qn = WP. 
Therefore K = {0}, and so clearly 4>(K) = J. 
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In the other case, A p = W are irreducible SL2-modules. Choose k so that A v = 
WP = F k . Since the maps k,t are both projections onto the Cartan component F k , their 
kernels are given as sums of SL-2-isotypic components 

K = ^(W qi <g>---<g)W qn )[j] 
n<k 

J = ^(A qi ® • • • ® A q "-)[j]. 

j<k 

Since $ intertwines the SI_2-action, 4>(K) C J. Moreover, k and x are both Cartan 
multiplications of the same SL2-modules, and so dim K = dim J. Therefore (|>(K) = J. □ 

Lemma 6.7. Let m > 1, cr G L, and suppose we are given p',p", q',q" 6 Ag(cr,m.) 
such that p' + p" = q' + q". Then there exist t',t",r',r" G Ag(a, m) suc/i i/iai 

t' + r '=p / ,t" + r"=p / ' 
t' + t" = q',r'+r" = q" 

Proof. For some nonnegative integers n{, u(', m(, m" we have 

Mp') = L£iT^o l ,Mp") = L£i<cD i 



Define: 



2n 



t' = ^(mf - min(n[ / ,m| / ))ro i 
1=1 

2n 

p' = Jjn- - + minK', mf))ffli 
1=1 

2n 

t" = ^minln^mOcDi 



i-i 

2n 

p" = ^«-min(nCX'))©i. 

i=1 

Clearly t', t", p" 6 A 2n . Since p' + p" = q' + q", p' G A 2n as well. Now, note that 

h ff (p / )=T / + p / ,h ff (p")=T" + p" 
h a (q / ) = p / + p",H ff (q / ')=T' + T". 

Set 

t' = h^V), t" = h- 1 (T") 
r' = h-V), r" = H- 1 (p") 

Since h. a is a semigroup isomorphism and p', p", q', q" G Ab(c), it follows that t', t", r', r" G 
Ag(a) and they satisfy the desired equations. □ 
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6.2. Proof of Proposition 13.71 

Definition 6.8. Let T = {(j) p : WP — > A p } pe A B be a family of SL2 -isomorphisms 
indexed by Ag. TTien T is a compatible family if for any ex G Z and p',p" € A^cr) 
i/ie following diagram commutes: 

WP' ® W" — > wp'+p" 

(16) 1 1 

AT' ® AP" — > AP'+P" 

#ere i/ie vertical maps are given by ct) p / <8 4V' aric ^ 4v+p" > an d horizontal maps 
are the product maps in the rings B a and A a . 

Proposition 6.9. There exists a compatible family T = {ct) p : WP — > AP} pe A e of 
SL2 -isomorphisms. Moreover, each map <& v £ J 7 is unique up to scalar. 

Proof. For a nonnegative integer m set Ag(m) ={p 6 Ag : p max < m}. We first prove 
by induction on m that there is a family of SL2 isomorphisms 

JP m = {4) p : WP -> AP} peAe(m) 

such that for any p G Ag(m), ff£l, and p',p" € Ag(o") such that p = p' +p", diagram 
(fl6|) commutes. 

For the base case we construct ^ . If p max = then p = po = 0/0. We define 
cJ) po : WP° -> AP° by 1 G W» h-> 1 8> • • • <8 1 G AP° . Of course, if p' + p" = p then 
p' = p" = po and (j!6|) trivially commutes. Suppose now that p max = 1 . Then p = A/u 
with A a fundamental weight, and u either zero or a fundamental weight. In any case, 
AP is an irreducible SL2-module, and by Corollary 13.31 WP = A p as SL2-modules. We 
choose an Sl^-isomorphism ct) p : WP — > AP. By Schur's Lemma, <|) p is unique up to 
scalar. Now suppose o" G L, p',p" G As(a), and p' + p" = p. Then either p' max = or 
Pmax = 0- Assume, without loss of generality, that = 0. Then p' = po, and by 

our construction of <J) po , diagram (fl6|) commutes. Set j^i = {ct) p : WP — > A^g/y^i)", this 
completes the base case. 

Let m > 1 and suppose that J r m --\ exists and satisfies the desired properties. We 
must construct F m . For p G As(m) such that p max < m, there exists <|) p € J m _i by 
hypothesis. We include these <J) p in T m . For such p we have the following: if a G Z, 
p',p" € Ag(a), and p = p' + p", then diagram (j!6p commutes. Indeed, p = p' + p" 
implies that p',p" G Ag(m — 1). Therefore c|) p / and (f) p // are also obtained from J-" m _i, 
and diagram (fTBT) commutes by hypothesis. 

Suppose p G Ag(m) satisfies p max = m. Choose an order type a G X such that 
p G Ab(c). Note that 0" may not be unique. Choose qi,..., q n G Ag(cr,m — 1) by 
Lemma [6~4l Now apply Lemma [6761 to obtain an SL2-isomorphism ij) : WP — > A p such 
that the following diagram commutes: 

W 1 (8) • • ■ <8 W q ™ — > WP 

(17) 14) |ip 

A qi (8 - - - <8 A^ — » AP 
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where = 4) qi ® • • • ® <J)q n . We now show that (i) if p',p" € Ag(o") satisfy p = p' +p" 
then 

WP'(8)WP" — > WP 

(18) 1 J.i|> 

A?' ® A?" — > A? 

commutes, (ii) i[> is independent of the choice of qi, q n , and (hi) xp is independent of 
the choice of a. 

First note that (i) implies (ii). Indeed, suppose q^,..., € Ag(c, m — 1) is another 
collection of shapes satisfying the conditions of Lemma 16,41 an d 4>' : W 13 - > A p is the 
associated SL2-isomorphism obtained by Lemma [6761 By (i) both i[> and i)/ would make 
(fl8|) commute. But since all the maps in the diagram are surjective, there is a unique 
map making (fT8|) commute. Therefore ij; = ij/. 

Now we prove (i). If p^ ax = m (resp. p'4 ax = m) then p" = p (resp. p' = p ), and 
(|18j) commutes by our choice of 4>p Q . Therefore we may assume that p' max) Pmax < m - 
By renumbering the qj if necessary, we may assume that (qi) max ^ 0. Let q' = qi 
and q" = q2 + • • • + q n - Then q', q" € Ag(cr, m — 1 ) and q' + q" = p. By inductive 
hypothesis the following diagram commutes: 

W 1 ® • • • ® — > W' OW^" 

(19) 1 1 

Al 1 ® • • • ® A^ — > A q ' ® A^" 

where the vertical map on the left is cf) = c^ qi ® • • • ® cpqn) an d the one on the right 
is c|)q/ ® 4) q //. Combining (fTTl) and (fl9|) and the fact that all the maps are surjective 
(Proposition I3.6j) , we conclude that 

W' ® W" — > WP 

(20) 1 1 a|> 

A q' ® A^" — > A? 

commutes. 

Sincep' + p" = q' + q", by Lemma [6771 there exist t',t",r / ,r // e A B (a,m) such that 



t' + r / =p',t" + r / ' = p // 
t' + t" = q',r' + r" = q". 
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Consider the following diagram: 

W' <g> W t ' ® W r " (8) W 1 '' 




The top square commutes by associativity of the product in B a . The left and back 
squares commute by inductive hypothesis. The right square commutes since it is the 
diagram ([20]) . The bottom square commutes by associativity of the product in A a . 
By chasing this diagram and repeatedly using Proposition 13.6} it follows that the front 
square commutes. This proves (ii). 

We now prove (iii), namely that i|> is independent of a. Indeed, suppose t E L is 
another order type such that p £ As(t). By the above argument we obtain an SL2 
isomorphism C, : WP — > A p such that (1 1 8 j) commutes for all p',p" € Ab(t). By Lemma 
ET3T 2) there exist p',p" € A B (a) n Ab(t) such that p = p' + p". Therefore both \)j and 
C make the following diagram commute: 



J. 

AP' ® AP" 



WP 
AP 



Hence i[> = C 

At this point we've shown for any p £ Ag(m) there is a canonical SL2 isomorphism 
\|) : WP — > A p satisfying the property: for any o~ E Z and p',p" £ Ag(a) such that p = 
p' + p", diagram (|18p commutes. Set c[) p = 4> and define T m = {<\> v : WP — > AP}p 6/ v B ( m ). 
This completes the induction. 

Let J 7 = Um=l *^ttl • By construction, J 7 is a compatible family of SL2-isomorphisms. 
This completes the proof of the first statement of the proposition. 

Now suppose T = {fy v : WP — > AP} pe A B is another compatible family of S L2-isomorphisms. 
We will show by induction on p max that there exist a set of nonzero scalars {c p £ C x : 
p £ Ag}, such that 4) p = c p 4) p for all p £ Ag. 

We already noted that by Schur's Lemma each isomorphism c[) p with p max = 1 is 
unique up to scalar. Therefore there exist c p £ C x such that 



(21) 



for all p with p max = 1 • Let m > 1 . Suppose now that there exist scalars so that (12TT) 
holds for all p £ Ag such that p max < ttl- Let p £ Ag with p max = m. Choose some 
cr £ 1 such that p £ Ag(cr). By Lemma [6751 there exist p',p" £ Ae(CT,m— 1) such that 
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p = p' + p". Then by the compatibility of F the following diagram commutes: 

WP'^W?" — > WP 

(22) 1 | 

AT' ® A?" — > AP 

where the vertical maps are cpp/ ® § v ii and 4) p . By hypothesis, 

4y ® 4>p'' = c p 'Cp"(^p/ <g> cj)p//. 
Therefore fj22f> commutes with the vertical maps replaced by 4v®4V' and —4 — 4v 
Hence - ^ - ep p = <J)p, or, in other words, c p = c p /Cp" and 4> p = Cp(j)p. This completes 
the induction, and shows that 4>p € J 7 is unique up to scalar. □ 

We can now prove Proposition 13 . 71 Indeed, let T = {(pp : WP — > A p } pe A e be a 
compatible family of SL2-isomorphisms guaranteed by the above proposition. Define a 
map 

(23) <$> a : B a -> A 
by 

4>Jwp = 4> P 

for all p £ Agftr), and extend linearly. Since J 7 is a compatible family, cp ff is an 
isomorphism of SL-2-algebras. Indeed, the commutativity of diagram (|16p means precisely 
that cp a is an algebra homomorphism. 

Now suppose cpQ. : B c — > «4a is some other isomorphism of Sl-2-algebras. Set § v = 
$o-Iwp. Then 

{$ p :p 6 A B (o)} 

is a compatible family of SL2 isomorphisms. Therefore, by the above proposition, there 
scalars c p such that 4>p = Cp4> p . Therefore the graded components of 4) ff are scalar 
multiples of the graded components of <p a , i.e. <p a is unique up to scalars. This proves 
part (1) of Proposition 13.71 

To prove part (2) we define a representation of L on £> ff , denoted <p ff , by the formula 

O a {g) = cfv 1 o 9 ff (g) o 4v 

Here g € L, is the algebra isomorphism coming from Proposition 16.91 as in f|23j) . and 
9q- is the action of L on A a defined in ([8]). We must show that O ff is independent of the 
choice of <§> a . 

Indeed, suppose we are given another isomorphism (t) ff and use it to define the cor- 
responding representation of L on B a , which we denote O ff . Now, choose scalars c v as 
above. Then for any g € L and p £ Ag(cr), 

<iV(g)lwp = 4? p 1 P (g) ° <t> P 

= (c p 4)p) _1 o0p(g) o (cp$ p ) 
= (Jp)- 1 o6p(g)o$ p 
= O ff (g)|wp. 
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Therefore O a = O a . This proves part (2) of Proposition 13.71 

6.3. Proof of Theorem 13.51 Existence: Consider the representations (G) a ,Bv) of L 
from Proposition 13. 7\ and let mathxalF be the compatible family guaranteed by Propo- 
sition [6J2 These representations satisfy four desirable properties, all of which are almost 
tautologies. 

(i) For any p e Ag(a), is an irreducible L-submodule isomorphic to F • 
Indeed, by definition of c() p : WP — > A v is an isomorphism of L-modules. 

(ii) L acts as algebra automorphisms on B a . In other words, we claim that for p,p' € 
Ag(a), the product map, WP(g>WP' — > W +p ', is a homomorphism of L-modules. Indeed, 
by the compatibility of T, the product map factors as follows: 

WP ® WP' — > wp+p' 

AP (g) AP' — » „4 p+p , 

Since the three lower maps are L-module morphisms, it follows that the top map is too. 

(iii) Resj^ is the natural action of SL2 on B a . In other words, for x € SL2 

where x|b ct denotes the natural action of x on B a and 6 is the diagonal embedding of 
SL2 into L. Indeed, <J) CT intertwines the natural action of SL2 on B a with the diagonal 
SI-2-action on A a . This means that 

Therefore 

<D ff (5(x)) = 4)- 1 o6 ff (5(x))o^ 

(iv) For any ffi , 02 G £ and g € L 

(24) O a ,[g)\ Ba ^B a2 =O ff2 (g)k 1 nB <T2 • 

Indeed, suppose p G Ae(ai) n Ag^)- Then ctvjwp = 4>p = <tv 2 lwp fr° m which (f24|) 
immediately follows. 

We now construct from J 7 the representation (® j-, 23) of L satisfying the conditions of 
Theorem [33J Let g € L. Define Ojc(g) on B by 

By (|24l) this is well-defined, and since £_ a B a = B, this gives an action of L on all of B. 
Moreover, by properties (i) and (ii), (CDjr, B) satisfies the conditions of Theorem 13.51 By 
property (iii) (Ojr, B) extends the natural action of SL2 on B. 

Uniqueness: Suppose (®,£>) is some representation of L satisfying the conditions 
of Theorem 13.51 By Proposition 13.71 to show uniqueness it suffices to show that there 
exists a compatible family T = {(p v : WP — > AP} pe/ \ B such that O = O^. 
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By condition (1) of the theorem, W is isomorphic to A v as L-modules for every 
p 6 Ag. In particular, we can choose a set of L-isomorphisms {(k, : WP — > AP}p max= i . 
Prom this set we construct a compatible family T = {4> p : WP — > AP}p g A B as in the proof 
of Proposition 16.91 

To show that <P = O^, we need to show that for all g G L and p € Ag, the following 
diagram commutes: 



(25) 



WP 

i 

AP 



f(g) 



Ms) 



I 

AP 



where the vertical maps are both 4>p. We prove this by induction on p max 
Let p € A#. If p max = 1 , then (|25p commutes by our choice of {4) p : WP 



AP}. 



above. Let m > 1 and assume ([25]) commutes for all p such that p max < m. Suppose 
then that p max = m. Choose some a € L such that p € As(cr). By Lemma |6~3| there 
exist p',p" € Ab(o", m — 1 ) such that p = p' + p". Consider the following cube: 



WP 



0(g)(g)0(g) 




WP ® WP 



AP (g)AP 



The top square commutes since O satisfies condition (2) of Theorem 13.51 The left 
and right squares commute by the compatibility of T . The bottom square commutes 
since the product on A a intertwines the L-action. Finally, the back square commutes 
by inductive hypothesis. Since all the maps are surjective, we conclude that the front 
square commutes. This completes the induction, and proves that O 
This completes the proof of Theorem 13.51 



7. Proof of Corollary 13.81 

Let Tsi_ 2 be the torus of SL2 consisting of diagonal matrices. Let \ = T$i 2 x • • • x Tsl 2 
be the diagonal torus of L. From elementary representation theory of SL2 we know that 
irreducible L-modules decompose canonically into one dimensional \ weight spaces. 
Now let (®,£>) be the representation of L afforded by Theorem 13.51 Then by part (1) 
of Theorem 13.5] the multiplicity spaces WP, (p G Ag), decompose into one dimensional 
spaces. 
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The decomposition is canonical. Indeed, \ is the unique torus of L containing Tsl 2 ■ 
Moreover, the choice of the torus Tsl 2 is induced by our choice of torus of Sp n , i.e. 

Tsl 2 =SL 2 nT Cn . 

Therefore the decomposition of W A ^ into one dimensional spaces depends only the choice 
of torus of Sp n . We now make this decomposition more precise. 

Lemma 7.1. Let A/(x £ Ag. The weight spaces of \ on are indexed by the 

set {y 6 A n : \x < y < A + }. An element y corresponds to the weight 

where h(A/(x) = {x h y h ...,x n ,y n ). 

Proof. Set p = A/(x. Since W 3 is isomorphic as an L-module to (g)^ F n( P ] , the weight 
spaces of \ on W 3 are indexed by 

{(ji,...,j n ) : < jt < n(p) for i = l,...,n}. 

Indeed, such a sequence (ji, j n ) corresponds to the weight 



(t!,...,^) H[]ti" 



-n(p)+2ji) 

i=1 

Now there is a one-to-one correspondence between 

{(jl,...,j n ) : < ji < n(p) for i= 1,...,n} 

and 

{(Yl)-,Yn) ; yi <Ti < x i for i= l,...,n} 

given by (ji, ...,j n ) | — > (ji + yi , ...,jn +yn)- Therefore, by Lemma [57l| the weight spaces 
of Tl on are indexed by {y £ A n : (x < y < A + }. Unwinding these identifications, we 
see that a pattern y corresponds to the weight 



(ti,...,t n ) ^nt: 



i=1 

□ 



For A/n € A B and y€{y€A n :|j.<y< A + }, let W A/y/ ^ be the T L weight 
space of W A ^ corresponding to the weight y by the above lemma. Then we obtain a 
decomposition of W A// ^ into one dimensional weight spaces: 

W A/ ^ = (J) W A/Y/V . 

|j.<y<A + 

This decomposition is canonical in the sense that it only depends on the choice of torus 
Tc n C Sp2n- This completes the proof of Corollary 13.81 
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